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ABSTRACT
Spiral density wave theory attempts to describe the spiral pattern in spiral galaxies in terms
of a long-lived wave structure with a constant pattern speed in order to avoid the winding
dilemma. The pattern is consequently a rigidly rotating, long-lived feature. We run N-body
simulations of a giant disc galaxy consisting of a pure stellar disc and a static dark matter
halo, and find that the spiral arms are transient features whose pattern speeds decrease with
radius in such a way that the pattern speed is almost equal to the rotation curve of the galaxy.
We trace particle motion around the spiral arms. We show that particles from behind and in
front of the spiral arm are drawn towards and join the arm. Particles move along the arm in
the radial direction and we find a clear trend that they migrate towards the outer (inner) radii
on the trailing (leading) side of the arm. Our simulations demonstrate that because the spiral
arm feature is corotating, the particles continue to be accelerated (decelerated) by the spiral
arm for long periods, which leads to strong and efficient migration, at all radii in the disc.
Key words: galaxies: evolution – galaxies: kinematics and dynamics – galaxies: spiral –
galaxies: structure.
1 IN T RO D U C T I O N
Spiral density wave theory, first postulated by Lindblad (1960) and
carried forward by Lin & Shu (1964), has been the most widely
accepted theory of the spiral arm for almost 50 years. This the-
ory considers the spiral arm to be the crest of a stellar density
wave that rotates around the centre of the Galaxy at an angular
pattern speed, p, that does not vary with galactocentric radius.
Spiral density wave theory naturally explains the long-lived nature
of the spiral arm. However, short-lived spiral arms were proposed
by Goldreich & Lynden-Bell (1965), Julian & Toomre (1966) and
Toomre (1981). These studies argue that spiral structure can grow
from local instabilities and shearing rotation predicted from a flat
rotation curve of disc stars that help to develop the spiral fea-
tures (Athanassoula 1984). Although these spiral arms are short-
lived features that continuously disappear, they are regenerated by
local growth of instability. In these transient spiral theories, the
spiral structure itself can be self-excited in small overdense re-
gions as a consequence of shot noise (Toomre 1990). If the over-
density increases above a few per cent, the growth becomes very
non-linear and results in rapid growth of the spiral arm density
(e.g. Toomre 1981; Donner & Thomasson 1994; Bottema 2003;
Sellwood 2010). Non-linear growth of transient rigid waves is also
demonstrated in the context of a shearing sheet (Fuchs, Dettbarn &
Tsuchiya 2005). While shearing is important for non-linear growth
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of spiral arms, it is also reported to be the main factor in the ap-
pearance of spurs and spiral arm bifurcation (Dobbs & Bonnell
2008).
More recently, the development of high-resolution numerical
N-body/smoothed particle hydrodynamics (SPH) simulations has
played an important role in the study of spiral structure formation
and evolution. Many numerical simulations including self-gravity
and with no addition or forcing of spiral potential show short-lived
transient spiral arms, which come and go throughout the evolu-
tion such that the spiral pattern of the disc is never removed (e.g.
Sellwood & Carlberg 1984; Baba et al. 2009; Fujii et al. 2011;
Quillen et al. 2011; Wada, Baba & Saitoh 2011). Sellwood &
Carlberg (1984) note that the spiral pattern in N-body simulations
generally fades over time because the spiral arm structure heats
the disc kinematically and causes Toomre’s Q parameter to rise,
hence the disc becomes too stable against the development of non-
axisymmetric structure. They suggest that continuous addition of a
kinematically cold population of stars is crucial to maintain the spi-
ral arm pattern. Carlberg & Freedman (1985) demonstrate this with
gas clouds in a circular orbit that are allowed to become future sites
of star formation. Recently, Fujii et al. (2011) suggest that the rapid
disappearance of the pattern probably results from a low number of
particles in these simulations, which leads to higher Poisson noise
and more rapid growth of strong spirals, which then heat the disc
and erase the spiral pattern. They demonstrated that the spiral pat-
tern can be sustained without dissipation or continuous addition of
cold components if a sufficiently high number of particles (>106)
is used to prevent a large Poisson noise and therefore fast disc
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heating. Still, there are no numerical simulations that reproduce
long-lived spiral arms like those predicted by spiral density wave
theory (Sellwood 2011), and this is the case for both spiral and
barred spiral galaxies (e.g. Baba et al. 2009; Quillen et al. 2011;
Wada et al. 2011).
In spiral density wave theory, the angular pattern speed of the
spiral arm is constant as a function of radius. The flat rotation
curve of spiral galaxies implies the decreasing angular velocity of
stars. Therefore, there is one radius where the stars rotate at the
same velocity as the arm. This is called the corotation radius, in-
side which stars rotate faster than the spiral arm and outside which
they rotate more slowly. The corotation radius marks a point of
resonance, where stars very close to this radius have been shown
to undergo large changes in their angular momentum and migrate
radially to another part of the disc. This was first proposed by
Lynden-Bell & Kalnajs (1972), who showed that radial migra-
tion around corotation can occur without increasing the random
motions of stars. Sellwood & Binney (2002) extended this the-
ory and showed that transient arms provide a good mechanism
for mixing, where each transient arm possesses a unique corota-
tion radius around which nearby stars can migrate. The main con-
clusions of this paper were that only around the radius of coro-
tation is there large angular momentum transport of individual
stars without heating. There have been many studies on the effect
of corotation resonances on structure, radial heating and mixing
in spiral galaxies (e.g. Carlberg & Sellwood 1985; Amaral &
Lepine 1997; Sellwood & Binney 2002; Minchev & Quillen 2006;
Rosˇkar et al. 2008a,b; Sa´nchez-Bla´zquez et al. 2009; Minchev et al.
2011) and in barred spiral galaxies where a bar resonance is also
included (e.g. Minchev & Famaey 2010; Manos & Athanassoula
2011).
Very recently, there have been observational studies with evi-
dence of a pattern speed that varies with radius, which is different
from the constant pattern speed of spiral density wave theory. The
evidence comes from a range of techniques and sources that include
observations of no offset between different star formation tracers
in nearby galaxies (Foyle et al. 2011), and radially decreasing spi-
ral arm pattern speeds deduced by the Tremaine–Weinberg method
(e.g. Merrifield, Rand & Meidt 2006; Meidt et al. 2008; Meidt, Rand
& Merrifield 2009; Speights & Westpfahl 2011), which inevitably
leads to short-lived arms as a consequence. Numerical simulations
of an interacting galaxy in Dobbs et al. (2010) also show a pattern
speed that decreases as a function of radius. During the prepara-
tion of this work, Wada et al. (2011) performed simulations of an
isolated galaxy and found a pattern speed that traces very well the
rotation curve, which indicates that there is corotation of the spiral
pattern with the stars at all radii.
In this study, we analyse the pattern speed of the spiral arm feature
and the dynamics of particles around the arm using our N-body
simulations of a pure stellar disc. We determine the nature of the
spiral arm pattern speed and monitor how stellar motion is affected
by the arm. We also find that the spiral arms in the simulations are
transient and that the pattern speed is always similar to the circular
velocity. We offer a qualitative insight into how phenomena such
as radial migration might occur with the transient corotating spiral
arms and how the corotating spiral arm may evolve.
In Section 2, we explain how we set up the model and the initial
parameters that we choose. In Section 3, we present the results of
our analysis, compare them with previous studies and discuss their
implications. In Section 4, we summarize the significance of the
results and remark upon the value of the simulations and future
work.
2 M E T H O D A N D M O D E L SE T- U P
Our simulations are performed with a Tree N-body code GCD +
(Kawata & Gibson 2003). We set up a disc galaxy that consists of a
dark matter halo and a pure stellar disc with no bulge, and which is
similar (slightly smaller) in size to the Milky Way. We describe the
stellar disc component as a collisionless N-body system of particles
and adopt a static dark matter halo potential.
The dark matter halo density profile follows that of Navarro,
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where ρc is the characteristic density described by Navarro et al.
(1997), the concentration parameter, c = r200/rs, and x = r/r200.
The scalelength is rs and r200 is the radius inside which the mean
density of the dark matter sphere is equal to 200ρcrit:
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We assume M200 = 1.7 × 1012 M, c = 15, 0 = 0.266, z0 = 0
and H0 = 71 km s−1 Mpc−1. We do not apply adiabatic contraction
for the dark matter halo for simplicity.
The stellar disc is assumed to follow an exponential surface
density profile:












We apply the mass of the disc, Md = 3×1010 M, the scalelength,
Rd = 3.0 kpc, and the scaleheight zd = 0.35 kpc, which is constant
over the disc. These parameters lead to a stellar surface density of
 = 37 M pc−2 at 8 kpc, which is similar to  = 35.5 M pc−2
obtained for disc stars in the solar neighbourhood (Flynn et al.
2006).
The initial rotation curve is shown in Fig. 1. The rotation speed
at 8 kpc is 210 km s−1, which is slightly lower than the generally
accepted value of 220 km s−1 or even higher (e.g. McMillan 2011)
for the Milky Way. Although we constructed a galaxy similar in size
to the Milky Way, it is not the intention of this study to reproduce
the spiral arms of the Milky Way. We also deliberately choose a disc
galaxy model that does not develop an obvious bar structure in order
to avoid complexity resulting from the bar potential; hence, we can
focus more on the pure effect of spiral arm development. Fujii et al.
Figure 1. The initial circular velocity (dot–dashed red line) and the circular
velocity at t = 1.77 Gyr (solid black line).
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(2011) show that if more than one million particles are used to
describe the disc component, artificial heating that suppresses the
spiral arm formation is not significant. We use 3 × 106 particles for
the disc component; therefore, the mass of each particle is 104 M.
We adopt a fixed softening length of 340 pc, with the spline softening
suggested by Price & Monaghan (2007).
The velocity dispersion for each three-dimensional position of the
disc is computed following Springel, Di Matteo & Hernquist (2005)
to construct the almost equilibrium condition. One free parameter
in this method is the ratio of the radial velocity dispersion to the
vertical velocity dispersion, f R, which relates as f R = σ R/σ z. We
choose fR =
√
2 in the simulation shown. This is slightly lower
than f R ∼ 2, which is the observed ratio for the Milky Way (e.g.
Holmberg, Nordstro¨m & Andersen 2009; Binney 2010). However,
as mentioned above, we do not aim to create a Milky Way-like
galaxy.
3 R ESULTS AND DISCUSSION
The simulation set up in Section 2 is evolved for 2 Gyr. As with the
previous studies described in Section 1, we also find that the disc
develops transient and recurrent spiral arms. In this paper, we focus
on one arm identified around t = 1.77 Gyr. The circular velocity at
t = 1.77 Gyr is shown in Fig. 1, which is not significantly different
from the initial circular velocity. Fig. 2 shows f R as a function of
radius at t = 0 and 1.77 Gyr. The value drops slightly with time as the
disc heats up slightly during evolution. This is quantified in Fig. 3,
which shows a slight growth of Toomre’s instability parameter, Q,
at the same time step. However, there is not significant heating,
which helps to maintain spiral arms (Fujii et al. 2011).
Although we mainly discuss the analysis around t = 1.77 Gyr in
this paper, we also applied similar analyses to other spiral arms that
developed at different times in this simulation as well as spiral arms
in other simulations with different initial configurations of the disc
and dark matter halo. We find that all the spiral arms we analysed
show very similar results to those shown in this section. We also find
similar results in several (barred and non-barred) simulations that
take gas and star formation into account. These will be described in
a forthcoming paper.
First, we present the analysis and results of the pattern speeds
of the chosen spiral arm. Then we examine the motion of selected
Figure 2. The ratio of velocity dispersions in the radial and z directions,
f R = σR/σ z, at t = 0 (dot–dashed red line) and t = 1.77 Gyr (solid black
line), plotted as a function of radius.
Figure 3. Toomre’s instability parameter, Q, computed at t = 0 (dot–dashed
red line) and t = 1.77 Gyr (solid black line), as a function of radius.
particles around the arm, and present and discuss an analysis of
their angular momentum and energy evolution.
3.1 Pattern speed and radial migration
The middle row of panels in Fig. 4 shows three consecutive snap-
shots of the model galaxy, where the white lines depict the peak
density of the chosen spiral arm at each radius. This is calculated
by first creating a smoothed normalized density distribution in the
R−θ plane, as in the left and middle columns of Fig. 8. At each
radial bin, we locate the azimuth of maximum density. In this way,
we traced the arm in the radial range between 4.5 and 8.5 kpc, and
so we focus our analysis on this radial range. The pattern speed, p,
is then easily found from the azimuthal offset of the peak densities
between the time steps.
The angular pattern speed measured from the snapshots in Fig. 4
(middle row) is plotted in Fig. 5. It is seen to decrease with radius,
such that it almost equals the circular velocity of stars (Fig. 1 also
shows circular velocity in angular terms at t = 1.77 Gyr for ref-
erence) in the disc at all radii. This indicates that this spiral arm
feature is corotating and is therefore unlikely to be long-lived. This
is confirmed from the snapshots of our simulation shown in the top
and bottom rows of Fig. 4, which show that the arm starts develop-
ing around t = 1.73 Gyr and is winding and disrupted around t =
1.85 Gyr. Hence, the lifetime of the arm is about 120 Myr and the
arm is indeed transient. Bifurcations and breaks in the spiral arm
features are seen regularly, which occur as the arms wind up. Wada
et al. (2011) also find that the spiral arm features in their simulations
are corotating, winding and short-lived.
As an additional test, and to assist inter-comparison with previ-
ous studies, we compute spectrograms for m = 2, 3 and 4 modes,
following Quillen et al. (2011). At each time step, which spans a
time period of 1.28 Gyr centred on t ∼ 1.77 Gyr, and each radial
bin, we calculate








where θ i is the angle at the position of the particles within the
radial bin. We calculate the amplitude of each mode as a func-
tion of radius and find that all modes show similar strength at
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Figure 4. Snapshots of the disc from face on view. The white line marks the position of the peak density of the fully formed spiral arm at the time indicated
(see text for how this is determined). In the middle row, the white crosses at 5- and 7-kpc radius indicate position of the peak density line at those radii. In the
top and bottom rows, the crosses have been rotated from their positions in the middle panel (t = 1.77 Gyr) by an angle derived from the angular rotation speed
in Fig. 5 for those radii. The purpose of the crosses is to guide the eye to the spiral arm from formation around t = 1.73 Gyr, to its apparent destruction around
t = 1.85 Gyr. This indicates that the lifetime of the spiral arm is very short (∼120 Myr).
t = 1.77 Gyr; hence, there is no one mode that dominates over the
others. We then compute the Fourier transform in the above period,
˜W (ω, r,m) =
∫ T2
T1
[Wc(r, t,m) + iWs(r, t, m)]eiωth(t) dt, (6)
where h(t) is the Hanning function. We compute the power at each
frequency ranging from zero to the Nyquist frequency, which is
shown in Fig. 6. The spectrogram analysis shows us the significance
of the pattern speeds of the wave modes (which we call mode pattern
speed), which can be different from what is shown in Fig. 5 (i.e.
the pattern speed of the spiral arm feature), if multiple wave modes
interfere with each other. All three modes, especially the m = 2
mode, show that there is some power in the mode pattern speed that
overlaps the circular velocity at many radii. There are also several
horizontal features which could mean that there are a number of
wave modes with constant, but different pattern speeds (Sellwood
2011 and references therein), that span different radii, and may
be constructively and destructively interfering with each other. For
example, the m = 2 mode could be interpreted as having two pattern
speeds (∼30 and 45 km s−1 kpc−1), with a faster inner pattern and a
slower outer pattern, as suggested by Quillen et al. (2011), Sellwood
& Lin (1989) and Masset & Tagger (1997). Fig. 6 also indicates the
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Figure 5. The pattern speed calculated between t = 1.75 and 1.77 Gyr
(dot–dashed red) and between t = 1.77 and 1.79 Gyr (blue dashed). The
circular velocity at t = 1.77 Gyr shown in Fig. 1 is also plotted (black solid).
The pattern speeds agree well with each other and exhibit a decreasing trend
that traces the circular velocity very closely over the radial range shown.
Similar trends are found at other time steps with different arms.
1:2, 1:3 and 1:4 Lindblad resonances, i.e. p =  ± κ/m, for
m = 2, 3 and 4, respectively.
We note, however, some caution with regard to the spectrogram
analysis method when applied to transient, variable amplitude wave
modes. We construct a toy model in which we set a base density of
stars and distribute them randomly in a ring. We then add a small
fraction (2.5 per cent) of those in the ring at θ = 0,π to mimic the
m = 2 modes. We impose a single, constant rotational frequency on
the particles and perform the same spectrogram analysis as above.
Fig. 7 (top left panel) shows the case assuming 31 km s−1 kpc−1
rotation, for which this frequency is correctly extracted. The top
right-hand panel shows the case for two overlapping wave modes
of 31 and 62 km s−1 kpc−1 rotation speeds, and both are shown to
be extracted.
However, the amplitude of the wave mode can evolve and/or
disappear as demonstrated in Sellwood (2011). To demonstrate the
effect of variable amplitude, we return to a single pattern speed of
31 km s−1 kpc−1, and repeatedly increase and decrease the number
of m = 2 mode particles using a sinusoidal curve from 0 to π that
spans over 120 Myr, which is roughly consistent with the lifetime
of the arm feature in Fig. 5. The effect is shown (Fig. 7, bottom left-
hand panel) to create three peaks, with one at the input frequency
and two others: one either side of the real one.
The appearance of the new mode can shift the azimuthal position,
which we model as randomly shifting the azimuthal position of the
mode particles within 0 to π, every 120 Myr. This effect plus the
variable amplitude is shown in the bottom right-hand panel. This
produces several peaks, none of which corresponds to the real input
frequency. Although this is a simple exercise and our aim is not to
explore many possible cases of transient wave modes, this demon-
strates that especially for transient waves modes, there is a possible
danger that the spectrogram may not show the real pattern speed
of the wave modes. Moreover, any systematic variability could be
responsible for the horizontal features seen in the spectrogram.
In any case, if there are indeed several wave modes present, it
is evident that they must conspire in a specific way in order to
produce a spiral arm feature that is ‘apparently corotating’, as is
clearly shown in Fig. 5. Associating the multiple wave modes with
the apparent spiral arm features is beyond the scope of this paper.
We rather focus on how this apparently corotating spiral arm feature
affects the stellar motion. Therefore, we discuss the remainder of
the paper in terms of what we see in Fig. 5. We term this ‘apparent
pattern speed’ and ‘apparent corotation’.
A direct implication of a decreasing apparent pattern speed is
that there are corotation radii all over the disc, and so the radial
migration (as described by Sellwood & Binney 2002) mentioned in
Section 1 is expected to occur at a wide range of radii of the spiral
arm. As described in Section 1, radial migration at the corotation
radius has been predicted to preserve the circular motion of orbits
(not to heat them kinematically).
In order to see how stellar motions are affected by this spiral arm
whose apparent pattern speed deceases with radius, we trace the
motions of individual particles in our simulation, as in Fig. 8. First,
we select a sample of particles around our chosen arm of interest at
5.5-kpc radius at t = 1.75 Gyr when the arm is most prominent. The
sample is selected to be near the plane of the disc (|z| < 200 pc),
and has a radial thickness of 0.25 kpc and an azimuthal width of
∼1 rad centred on the highest density point of the arm (left-middle
panel of Fig. 8). We follow their motion with respect to the spiral
arm around which they were selected in Fig. 8. The middle row
shows the snapshot and smoothed normalized density plots at the
time they were selected. The preceding and succeeding rows show
that of 60 Myr before and after, respectively, and we move in a
non-inertial frame of 40 km s−1 kpc−1 from the middle step; hence,
only the middle row shows explicitly the actual coordinates in the
smoothed plots.
Figure 6. Spectrograms of the m = 2, 3 and 4 Fourier components in a time window spanning 1.28 Gyr centred on t ∼ 1.77 Gyr. The plots show the power
in frequencies ranging from 0 to the Nyquist frequency as a function of radius. Left: the spectrogram of the m = 2 component. Also marked are the circular
velocity line (solid red), the inner and outer Lindblad resonances (solid blue) and the 4:1 resonances (dotted cyan). Middle: the same as the left-hand panel but
for the m = 3 Fourier component and 3:1 resonances shown (dashed cyan). Right: the same as the left-hand panel but for the m = 4 Fourier component.
C© 2012 The Authors, MNRAS 421, 1529–1538
Monthly Notices of the Royal Astronomical Society C© 2012 RAS
1534 R. J. J. Grand, D. Kawata and M. Cropper
Figure 7. Input pattern speeds of the m = 2 wave modes (dashed red line) and the power recovered from the spectrogram analysis (solid black line). Top left:
single p = 31 km s−1 kpc−1 is input and correctly extracted. Top right: two wave modes of p = 31 and 62 km s−1 kpc−1 are input. Bottom left: the same
as the top left panel, but the amplitude of the wave mode is varied. Bottom right: the same as the bottom left panel, but random offsets of the phase angle are
implemented. See the text for details.
It is seen that as the spiral arm grows stronger, particles from
both sides of the arm begin to join the arm, which indicates the
apparent corotation with the star particles. We find that the spiral
arm develops in a way akin to swing amplification (Goldreich &
Lynden-Bell 1965; Julian & Toomre 1966; Toomre 1981). In swing
amplification theory, a leading arm can grow in density as it shears
into a trailing arm. The star’s epicycle phase and shearing motion
of the arm conspire in a way that the stars in the spiral arm remain
in the overdense region for longer. This means that as the leading
arm turns into a trailing arm owing to the shear motion, self-gravity
becomes stronger and accumulates more stars to the arm, and the
amplitude of the arm begins to grow non-linearly.
The left-hand column of Fig. 8 indicates that the chosen particles
look like a leading feature at t = 1.69 Gyr, which become part of a
trailing arm at t = 1.75 Gyr as it wound up. The selected particles
around the arm at 5.5 kpc (white dots) join the arm from the outer
(inner) radii at the leading (trailing) side of the spiral arm while at
the same time the spiral arm appears to grow in density. We there-
fore witness swing amplification in action. Note however that this
process is different from the classic swing amplification mechanism
where the corotation radius is assumed to be one specific radius.
What we have found may be described as swing amplification oc-
curring over a wide range of radii. This is accompanied by strong
radial migration, which we describe below.
From the selected sample of particles, we compute the angu-
lar momentum change, 
L, over a period of 80 Myr and choose
those that exhibit the largest values of 
L. As a fraction of their
initial angular momentum, L, these have typical values of 
L/L 
10–20 per cent. We term these particles extreme migrators. The
middle column of Fig. 8 shows the evolution of the extreme posi-
tive (cyan) and negative (pink) migrators. The ‘positive’ migrators
are the particles that migrate towards the outer radii on the trailing
side of the spiral arm. They are trapped by the potential of the spiral
arm, which accelerates them. The corotating nature of the spiral arm
feature ensures that during migration to outer radii, instead of pass-
ing through the spiral arm they remain on the trailing side (middle
and right-hand panels of Fig. 8). Therefore, they continue to accel-
erate until the spiral arm is disrupted. The ‘negative’ migrators are
particles that migrate towards the inner radii on the leading side of
the spiral arm. They are decelerated as they become caught in the
potential of the spiral arm, and because of the apparent corotation,
they continue to decelerate on the leading side of the spiral arm until
the spiral arm is disrupted. This illustrates the different motion that
occurs on each side of the spiral arm.
To demonstrate that these stellar motions and strong migration
occur over a wide range of radii, Fig. 9 shows the same dynamical
evolution as Fig. 8 for a sample selected at the radius of 7.5 kpc. This
7.5-kpc sample and the extreme migrators were selected using the
C© 2012 The Authors, MNRAS 421, 1529–1538
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Figure 8. Left-hand and middle columns: the smoothed normalized density distribution (colour map) in the azimuthal angle–radius plane. Right-hand column:
the corresponding snapshots of the disc (the time referring to each row is indicated under each panel). In the left-hand column, the particles (white dots)
selected at 5.5 kpc at t = 1.75 Gyr are highlighted. In the middle and right-hand columns, the extreme migrators (see the text) in the sample are highlighted
by cyan (particles that migrate towards the outer radii) and pink (particles that move towards the inner radii) stars. Note that the coordinate of the angle in the
left-hand and middle panels at the top and bottom rows is shifted by the amount corresponding with  = 40 km s−1 kpc−1, to keep the highlighted particles
around the central region of each panel.
same criteria as the 5.5-kpc sample; however, at t = 1.77 Gyr, since
we find that the spiral arm at the outer radii grows later. It is clearly
demonstrated here that exactly the same type of motion as expected
at the corotation radius happens at 7.5 kpc. This motion is at least
consistent with the apparent corotation found in Fig. 5, because
the particles continue to join the arm from both sides at a large
range of radii as they migrate, instead of passing or being passed
by the spiral arm, which is expected if the pattern speed is constant
as predicted by density waves. This strengthens our conclusion of
apparent corotation of the spiral arm feature made from Fig. 5.
3.2 Energy and angular momentum evolution
When discussing the changes in the angular momentum associ-
ated with radial migration, it is important to look at how the or-
bital energy of a star is affected. The relevant question becomes:
‘Is the star scattered during the migration by gaining significant
energy of random motion?’. To shed light on such a question, we
calculate the energy, E, and angular momentum, L, of the extreme
migrators in Figs 8 and 9 at 40 Myr before and after the time step
at which they were selected, and show this in Fig. 10. We call
these two time steps the ‘initial’ and ‘final’ time steps, respec-
tively. The solid black line indicates the L and E expected for a
pure circular orbit at each radius. This represents the minimum
energy which a star particle can have at a given angular momen-
tum. In Fig. 10 we show the position of the extreme migrators at
the initial (yellow diamonds) and final (red triangles) time steps.
We can see that the negative migrators (top panel) and positive
migrators (bottom panel) move along the circular velocity curve
in opposite directions to each other. Because they keep close to
the circular velocity curve after migration, their orbits must retain
a very similar eccentricity, and so they gain little random energy
and are not scattered into higher energy orbits (Sellwood & Binney
2002).
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Figure 9. The same as Fig. 8, but for a sample around 7.5-kpc radius. The particles were selected at 1.77 Gyr, one time step after the 5.5-kpc sample, in order
to see the strongest, most clear radial migration. This is because the arm at smaller radii shows more prominence at earlier times than at larger radii.
However, there is some movement away from the circular velocity
curve and this corresponds to heating effects. We therefore test the
degree of orbital heating of migrators with a larger sample of stars
at different radii.
We select the most extreme migrators from a sample of parti-
cles around the spiral arm in a radial range of 4–9 kpc at t = 1.77
Gyr. We plot in Fig. 11 their change in angular momentum be-
tween initial and final time steps spanning a period of 80 Myr as
a function of their angular momentum at the initial time step of
t = 1.73 Gyr. We selected the particles with |
L| > 0.6 and cal-
culate 
E/
L for each particle, which we show plotted against the
mean radius of each particle over the 80-Myr period in Fig. 12.
The filled (empty) circles represent the positive (negative) migra-
tors. A clear decreasing trend with radius is seen for both sets of
migrators. This trend qualitatively matches what is expected for

E/
L along the curve of the circular orbit in Fig. 10, but the
overall position of the particles is slightly lower. This offset is evi-
dence of the slight heating of the negative migrators. We also note
that it is evidence of the slight cooling for the positive migrators.
This is evident in the shallower gradients of particle movement in
comparison with the tangents to the circular velocity curve for both
sets of migrators.
However, the overall decreasing trend in parallel with the circular
velocity line indicates that similar and only small heating losses
occur over a range of radii. This demonstrates that radial migration
can occur everywhere in the disc, and stars can slide along the spiral
arms to different radii all over the disc with little contribution to disc
heating.
4 C O N C L U S I O N S
We have performed N-body simulations of a pure stellar disc, and
then performed a dynamical analysis of the spiral arms and particles
around the spiral arms and traced their evolution. We come to the
following conclusions.
(i) We find in our simulations that spiral arms are transient re-
curring features: we observe the continuous disappearance of spiral
arms and the reappearance of new ones. This transient nature has
C© 2012 The Authors, MNRAS 421, 1529–1538
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Figure 10. The energy, E, and angular momentum, L, distribution of the
extreme migrators in Figs 8 and 9 at 40 Myr before (yellow diamonds) and
40 Myr after (red triangles) the time step at which they were selected. The
top (bottom) panel shows the results of the migrators that moved towards
the inner (outer) radii. The solid black line indicates the circular orbit. Units
are arbitrary.
Figure 11. The angular momentum change over 80 Myr for particles in
a radial range of 4.0−9.0 kpc around the spiral arm at t = 1.77 Gyr, as a
function of their initial angular momentum at t = 1.73 Gyr. We define the
extreme migrators to have |
L| > 0.6. The radius expected from the circular
motion with the corresponding angular momentum is also shown.
always been found in numerical simulations and is not consistent
with spiral density wave theory.
(ii) We performed two analyses on the pattern speed of the spiral
arms: the stellar density trace method and the spectrogram analysis.
The latter shows a possible configuration of two or three wave
Figure 12. 
E/
L for the extreme migrators selected in Fig. 11 (open
and filled circles) as a function of their mean radius between t = 1.73 and
1.81 Gyr. The filled circles are those with positive migration and the empty
circles are those with negative migration. The solid black line is the circular
velocity. The units of the y-axis are adjusted to match with those of Fig. 5.
modes that could mean that wave modes interfere constructively
and destructively with each other.
Regardless of whether this is the case, the stellar density trace
method gave us clear evidence of an apparent spiral arm pattern
speed that corotates with the stars at a large range of radii, which
is reflected in points (iii)–(v) below. This is consistent with what is
found in Wada et al. (2011), and contrary to classic spiral density
wave theory, which allows a constant pattern speed as a function
of radius, and hence there is only one corotation radius. Although
we cannot reject that multiple modes are creating this apparent
corotation, there is still the question of why the apparent pattern
speed is always similar to corotation.
(iii) Particles are shown to join the spiral arm from both sides
at all radii. This is further evidence for the corotating nature of the
spiral arm feature, because the arm must move at a similar speed to
the particles in order for them to join the arm from both sides at all
radii.
(iv) Particles migrate radially along the spiral arm at all radii.
Stars behind the arm are accelerated by the arm and slide along the
arm to larger radii. Stars in front of the arm are dragged back by the
potential and slide down the arm to smaller radii.
(v) Migrating particles do not actually cross the spiral arm. The
corotating nature means that the particles stay on their respective
sides of the spiral arm, so they are accelerated (decelerated) until
the spiral arm is disrupted. This means that radial migration is more
efficient than that discussed by Sellwood & Binney (2002), with
little contribution to disc heating.
Conclusions (i) and (ii) are already known from previous studies,
and we include them to show the consistency of this study. Con-
clusions (iii)–(v) are new results which to our knowledge have not
been reported before.
A possible limitation of this study is that it focuses only on the
stellar component. However, our preliminary work with simulations
including gas, star formation and supernova feedback also shows
a consistent picture of transient corotating spiral arms and strong
radial migration, which will be presented in a forthcoming paper.
In this study, we have not addressed the mechanism of formation
and destruction of the spiral arm structure. In this simulation, spiral
arms appear to grow from small shot (Poisson) noise in the (initial)
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density distribution and increase in prominence from there, possibly
through mechanisms similar to swing amplification.
Although corotating spiral arms are expected to be short-lived
due to winding, we observe that the spiral arms are disrupted before
they are wound up very tightly. We also observe kinks, i.e. change
in the pitch angle, in the spiral arms. The mechanism that controls
the transient shape of the spiral arms and drives the disruption is
unclear and requires further work.
In this study, we focused on the evolution between the eras of
formation and destruction, and found that the spiral arms in our
simulations are not consistent with the long-lived, rigidly rotating
spiral arms of spiral density wave theory. The transient corotating
spiral arm found in N-body simulations should be tested by obser-
vations of both our Galaxy (Sellwood 2011) and external galaxies
(e.g. Meidt et al. 2009; Foyle et al. 2011; Speights & Westpfahl
2011). Although this paper focuses on the non-barred spiral galax-
ies, it is worthwhile to explore barred spiral galaxies where the
spiral arms are affected by the bar (e.g. Sparke & Sellwood 1987),
and thus could be longer lived (e.g. Donner & Thomasson 1994;
Binney & Tremaine 2008; Baba et al. 2009; Quillen et al. 2011). We
will further study the spiral arms in our simulations and endeavour
to find observational consequences of the corotating spiral arm.
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